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1.1) 



Abstract. We prove the global well-posedness for the 3-D micropolar fluid system 
in the critical Besov spaces by making a suitable transformation to the solutions and 
using the Fourier localization method, especially combined with a new L p estimate 
for the Green matrix to the linear system of the transformed equation. This result 
allows to construct global solutions for a class of highly oscillating initial data of 
Cannone's type. Meanwhile, we analyze the long behavior of the solutions and get 
some decay estimates. 



1. Introduction 

We consider the incompressible micropolar fluid system in M + x M 3 : 
' d t u - (x + v)Au + u ■ Vu + Vvr - 2^V xw = 0, 
dfOJ — fiAu + u ■ Vuj + 4x<x> — /tVdivw — 2%V x u = 0, 
divu = 0, 

{U,u)\ t=0 = (U ,L) ). 

Here u(t,x) and ui(t,x) denote the linear velocity and the velocity field of rotation 
of the fluid respectively. The scalar Tr(t,x) denotes the pressure of the fluid. The 
constants k, x, v, \i are the viscosity coefficients. For simplicity, we take x = v = \ 
and k = fjL = 1. 

Micropolar fluid system was firstly developed by Eringen [13] • It is a type of fluids 
which exhibits the micro-rotational effects and micro-rotational inertia, and can be 
viewed as a non-Newtonian fluid. Physically, micropolar fluid may represent fluids 
that consisting of rigid, randomly oriented (or spherical particles) suspended in a 
viscous medium, where the deformation of fluid particles is ignored. It can describe 
many phenomena appeared in a large number of complex fluids such as the suspen- 
sions, animal blood, liquid crystals which cannot be characterized appropriately by 
the Navier-Stokes system, and that it is important to the scientists working with the 
hydro dynamic-fluid problems and phenomena. For more background, we refer to |18j 
and references therein. 

If the microstructure of the fluid is not taken into account, that is to say the effect 
of the angular velocity fields of the particle's rotation is omitted, i.e., cj = 0, then Eq. 
(Il.ip reduces to the classical Navier-Stokes equations. 

Due to its importance in mathematics and physics, there is a lot of literature de- 
voted to the mathematical theory of the micropolar fluid systems. Galdi and Rionero 
|16| and Lukaszewicz [18] proved the existence of the weak solution. The existence and 
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uniqueness of strong solutions to the micropolar flows and the magneto-micropolar 
flows either local for large data or global for small data are considered in [2] IT51 [T9] 
and references therein. Recently, inspired by the work of Cannone and Karch [5] on 
the compressible Navier-Stokes equations, V.-Roa and Ferreira |14| proved the well- 
posedness of the generalized micropolar fluids system in the pseudo-measure space 
which is denoted by PM a -space whose Fourier transform verifies 

sup <oo. (1.2) 

On the wellposedness for the 2D case with full viscosity and partial viscosity one may 
refer to [18] and [12] respectively; On the blow-up criterion for the smooth solution 
and the regularity criterion for the weak solution one refers to [211 [20] and references 
therein. 

For the incompressible Navier-Stokes equations 

dtu — vA.u + u • Vu + Vp = 0, 

divu = 0, (1.3) 
u(x,0) = n , 

Fujita and Kato[l5] [T7] proved the local wellposedness for large initial data and the 
global well-posedness for small initial data in the homogeneous Sobolev space 
and the Lebesgue space L 3 repectively. These spaces are all the critical ones, which 
are revelent to the scaling of the Navier-Stokes equations: if (u,p) solves (|1.3p . then 

(u x (t, x),p x (t, x)) M (\u(X 2 t, \x),\ 2 p{\\ Xx)) (1.4) 

is also a solution of (1 1 . 3 f) . The so-called critical space is the one such that the 
associated norm is invariant under the scaling of (|l,4p . Recently, Cannone [3] (see also 
|3j) generalized it to Besov spaces with negative index of regularity. More precisely, 
he showed that if the initial data satisfies 

1 1 xao 1 1 -1+3 < c, p > 3 

R p 

for some small constant c, then the Navier-Stokes equations (|1.3p is globally well- 
posed. Let us emphasize that this result allows to construct global solutions for 

■ i „ 

highly oscillating initial data which may have a large norm in or L . A typical 
example is 

u (x) = sin(— ){-d 2 (j){x),di<j){x),Q) 

where <f> G 5(1R 3 ) and e > is small enough. Concerning the compressible Navier- 
Stokes equations, we have established the similar result in the framework of the 
hybrid-Besov space with the help of a new estimate for hyperbolic/parabolic system 
with convection terms, please refers to [8]. And the same idea has utilized to the case 
of the rotating Navier-Stokes equations, please refers to [9]. 

In this paper we try to prove the same result for the micropolar fluid equation in 
the more natural space as the incompressible Navier-Stokes equations (|1.3j> . 

Now let us sketch the main difficulty and the strategy to overcome it. 
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Applying the Leray projection to the equation (jl.ip . we obtain 
f d t u - An + P(n ■ Vn) - V x co = 0, 
dtuj — Aw + u • Vw + 2oj — Vdivw -Vx« = 0, 
divn = 0, 
. (u,u)\t=o = {u ,u ). 



[1.5) 



Obviously, the system has no scaling invariant compared with the incompressible 

Navier-Stokes equation. In general there are two ways to achieve the global existence 

.-1+2 

for small data in the critical Besov space as B Pt00 p for general p. The first one is 
Kato's semigroup method which was extended in pfj, it turns out that the both linear 
terms Vxw and Vxu will play bad roles if they are regarded as the perturbations. 
The second way is to use the energy method together with the Fourier localization 
technique, but the linear coupling effect of the system (|1.5|) is too strong to control 
unless the coefficients of these two linear terms are sufficiently small, while it is 
impossible. 

To go around the trouble from the terms V x u) and V x u, we will viewed them 
as certain perturbation of the Laplacian operator in some sense. More precisely, we 
will take the idea developed in [8] for the compressible Navier-Stokes equations, i.e., 
investigating the following mixed linear system of Eq. (ll.5|) : 

dtu — An — V x u) = 0, 
d t uj - Auj + 2uj - Vdivw - V x n = 0, 

and studying the action of its Green matrix which is denoted by G(x,t). From [1 
we have 



Gf(H,t) = e 



f(0, 



;i.7) 
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It has been shown in [JJ] that G(x, t) has some similar property with the heat kernel, 



i.e., 



|G(6t)| <e 



-c\t\ 2 t 



(1.8) 



which means that is bounded. However, it is not enough to obtain the 

estimates of the solution in the Besov space as we wanted. For this purpose, we have to 
analyze the behavior of the derivative of G(6 1) to set up the boundedness of G(x, t)f 
in LP. In fact, we have the better property which [|Cr(x, £)/||zj> has exponential decay 
estimate for / supported in a ring. But if we directly calculate its derivatives as well 
as utilizing the estimate (|1.8p . we only have the rough estimate for example when 
a, = 1, 



\DtG(t,t)\ < e- c| « |2 'i(l + Isl). 



(1.9) 
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Obviously, the above is not enough for us to deduce that for any couple (t, A) of 
positive real numbers and supp / C AC such that 

\\G(x,t)f\\ LP <Ce- ctX2 \\f\\ LP , l<p<oo, (1.10) 

except that for the high frequency case A > 1 and for the low frequency case only 
p = 2. This fact is same to the one of the compressible Navier-Stokes equations and 
the rotating Navier-Stokes equations [8j [9] for which we can get the wellposedness for 

highly oscillating initial data only in the hybrid-Besov space instead in B p<00 p as [I]. 
Owing to the speciality of the working space — the pseudo-measure space (see (|1.2D ). 
only the estimate (|1.8|) is required in [14] . and their method seems not to work for 
the derivatives estimate of G(£,t). 

We believe that the wellposedness of (II. ip holds for highly oscillating data in the 

more natural Besov space B PyOD p like the incompressible Navier-Stokes equation due 
to the second equation of (|1.5p presents the better property although there is negative 
impact from V x u and V x u. Our ideas is to sufficiently employ the structure 
properties of the systems. In fact, we find that if making a suitable transformation 
to the solutions, then Eq. (jl.5p reduces to a new version. More precisely, the vector 
field velocity u = {ux,u%,u 3 ) is transformed to an anti-symmetric matrix ua with 

u A = -u 3 





-Ul 

and decompose u> into u d = A" 1 diva; and loq = A _1 curlw, here we denote 

A s z Mf-\\£\ s z) 

and the matrix 

(curlz)} = (djZ 1 - 9»^)i<ij<3. 
In light of divu = 0, the system (II. 5D can be rewritten as 

' d t u A - Au A - Aw n = -(P(u • Vu)) A , 
d t ujn - Au^i + 2wn - A-u^ = -A _1 curl(?i • Vu), 
d t u d - 2Au d + 2uj d = -A _1 div(u • Vu), (1.11) 
u) = A^ 1 'Vu d — A _1 diva;n, divu = 0, 
s (ua, un,u d )\t=o = (u ,A,uo,n,uo,d)- 

where (P(u • Vm))^ is as follows: 

UidiU 3 - ^-(uidiUj) -UidiU 2 + ^-(uidiUj) ^ 

-UidiU3 + ^-(mdiUj) mdiUi - ^-(mdiUj) 

^ UidiU 2 - ^-(uidiUj) -mdiUi + (uidiUj) 

Let us observe the associate linear system of Eq. (jl.lip . Since the third equation is 
mainly a heat equation, we focus our attention to the first two equations of (jl.lip . 
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which leads us to consider the following coupling linear system: 

' d t UA - Aua - Awn = 0, 
d t ojn - Aa;^ + - Aua = 0, 

(uA,Ulu)\ t =o = («0,A,Wo,n). 



(1.12) 



If G(x, t) denotes by the Green matrix of (|1.12p . then Q(x, t){uQ^A-,^o,n) is the solution 
of (fTT2l . We have 



with 



" i^i 2 lei 



(1.13) 



MO 



ki iei 2 + 2 



Then using the Laplace transform, the derivatives of G((,,t) can be exactly and ex- 
plicitly represented, see Section 3, which helps us to deduce the following crucial 
estimate 

This allows us to obtain that for any couple (t, A) of positive real numbers and 
supp / C AC, there holds 

ct\ 2 \ 



\\Q(x,t)f\\ LP <Ce~ 



LP, 1 < P < OO, 



here C is a ring away from zero, see Proposition 13.51 Let us emphasize that the above 
inequality is essential to the wellposedness in the Besov spaces. 

Definition 1.1. Let 1 < p < oo, T > 0. We denote E V T by the space of functions 
such that 

def 

\{U,U)\ E V = | _ .2+1 < OO. 

If T = oo, we denote E%o by E p . We refer to Section 2 for the definition of L r (X). 

Our main results are stated as follows. 
Theorem 1.2. There exist two positive constants c and M such that for all (uq, uiq) 6 



-Bp,oo with 



«o|| . 2.-1 + || w o|| . l-i < c - 



11-14) 



Then for 2 < p < 6, the system (jl.l|) has a global solution (u,u;) G C((0, oo); -B/ 5C 
with 



.3_ x < M(||U || _ 3_! + ||wo|| . 3_ x ). 



DP 

D p,oo 



Moreover, the uniqueness holds in E p . 

Remark 1.3. If we work in the space L°°(B^ 1 ) n L 1 (i3p 1 ), the borderline case 
p = 6 can be achieved. Moreover, the range of p for the existence and the uniqueness 
can be extended to [2, oo) and [2,6], respectively. In fact, using the paradifferential 
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calculus, it is easy to see that the nonlinear term u ■ Vit and u ■ Vw are bounded in 
L X {B^ X ), i.e., in light of divu = 0, 

Ilu-Vwll 3_, < C||uo;|| 3 < C||it|| 3 \\ui\\ a , for p E \2, oo), 

p,l p,l p,l p,l 

3 3 3 

while uui is not continuous from Bp tOQ x Bp <00 to Bp )00 . 



Theorem 1.4. If (uo,ujq) £ and satisfies (11.140 . then the system (II. ip has a 
unique global solution in C(M + ; Hz). 



Remark 1.5. Here we don't impose the smallness condition on the initial data. 
Especially, this allows us to obtain the global well-posedness of (jl.ip for the highly 
oscillating initial velocity (ucb^o)- For example, 

u (x) =sm(^y-d 2 (l>(x),d 1 (j>(x),0), u> (x) = e i ^<t*(x), 4>(x) £ 5(M 3 ), 

which satisfies 

Ikoll 3_i, llwoll a_, « 1 for p>3 

R p R p 

if e > is small enough, see Proposition 12.81 

Finally, we prove that the solution has the following decay estimates. 

Theorem 1.6. Let (u,oj) be a solution provided by Theorem 1 1.21 Then for all multi- 
indices a, we have 

||(D>,£>»|| 3_ 1 <C r^, t>0, (1.15) 

J -'p, oo 

where Co is a constant depending on the initial data. 

Remark 1.7. From the estimate ()1.15j) . one know that for t > 0, the solution (u,lo) G 



Notation. Throughout this paper, we denote some notations on the matrix M 

(Mij)i<ij< m 

|M|M^|My|, 

ij 

and for a functional space X, we denote ||M||x by 

def 



|M|U = £ll M < 



ij\\x, 



l :J 



The structure of this paper is organized as follows. 

In Section 2, we recall some basic facts about the Littlewood-Paley theory and the 
functional spaces. In Section 3, we analyze Green's matrix of the linear system (j!.12j) 
and show some new results concerning its regularizing effect. Section 4 is devoted 
to the proof of Theorem 11.21 Section 5 is devoted to the proof of Theorem 11.41 In 
Section 6, we give certain decay rates of the solution. 
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2. LlTTLEWOOD-PALEY THEORY AND THE FUNCTION SPACES 



Firstly, we introduce the Littlewood-Paley decomposition. Choose two radial func- 
tions ip,x G S(R 3 ) supported in C = {£ G R 3 , § < |£| < §}, £> = {£ G R 3 , |f| < §} 
respectively such that 

^ 99(2^0 = 1 for all f ^ 0. 

For / G 5'(R 3 ), the frequency localization operators Aj and Sj(j G Z) are defined by 

A,/ = <p(2-*D)f, Sjf = \V1 '/))/. 

Moreover, we have 

i-i 

Sjf= £ A fc / in Z'(R 3 ). 

fc=— 00 

Here we denote the space Z'(R 3 ) by the dual space of Z(R 3 ) = {/ G S(R 3 ); D a f(0) = 
0;Va G (N U 0) 3 multi-index} . 

With our choice oi ip, it is easy to verify that 

AjA k f = if \j-k\>2 and 
AjiSk-xfAkf) = if U-fe|>5. 

For more details, please refer to [31 [7]. 

In the sequel, we will constantly use the Bony's decomposition from |T]: 



(2.1) 



fg = T f g + T g f + R(f,g), 



(2.2) 



with 



jez j G z |i'-i]<i 

Let us first recall the definition of general Besov space. 

Definition 2.1. Let s G R, 1 < p, q < +00. The homogeneous Besov space -Bp 9 is 
defined by 

def r ,. _ T // D 3\ 



P,1 



< +oo} : 



where 



def 



2 ks \\A k f{t)\\ LP 



If p = q = 2, B2 2 is equivalent to the homogeneous Sobelev space 
Now let us recall Chemin-Lerner's space-time space[7]. 

Definition 2.2. Let s G R, 1 < p, q, r < 00, 7 C 1 is an interval. The homogeneous 
mixed time-space Besov space L r (I; BL 1 ) is the space of the distribution such that 



def 



L r (I;B;,) = {/GP(/;2'(l d )); 



where 



11/(011^(7: 



def 



B s ) 



L r (I;B' r ) 



2^ / ||A,/(T)|rdT 



< +00}. 



f«(Z) 
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For the convenience, we sometimes use L r t (Bp q ) and L r (Bp q ) to denote 17(0, t; Bp q ) 

and L r (0, oo; Bp q ), respectively. The direct consequence of Minkowski's inequality is 
that 

U t {B s pA ) C L r t (B s M ) if r<q and Ijft) C if r > q. 

Let us state some basic properties about the Besov spaces. 
Lemma 2.3. 17] (i) If s < - or s = - and r = 1, then (Bt. a , II ■ II a s ) is a Banach 

P P ' ■ * p>g 

space. 

(ii) We have the equivalence of norms 



~ 11/11*+*, for k£Z+. 



(iii) Interpolation: for si, S2 6M and € [0, 1], one has 



es 1 + (i-e)s 2 < 11/11 An Il/H A8 2 "> 
The following Bernstein's lemma will be repeatedly used throughout this paper. 



(1-0) 



Lemma 2.4. [7] Let 1 < p < q < +oo. Then for any /?, 7 G (N U {0}) 3 , there exists 
a constant C independent of /, j such that 

supp/ C < 4,2*'} < C72 J|7|+3J( ^I ) ||/|| LP , 

supp/ C < |£| < A 2 2^'} H/lliP < C2-^\ sup II^/Hlp. 

I/3| = M 

Lemma 2.5. [6] Let 2 < p < +00. Then for any / with supp/ C {Ai2 3 < |£| < 
A22 J }. there exists a constant C independent of /, j such that 



=2« / i/rdx< / (-A/)i/r 2 /dx. 



Lemma 2.6. [7] (i) Let (s,p, ri) such that Bp ri is a Banach space. Then the para- 
product T maps continuously L°° x Bp ri into S* r . Moreover, if t is negative and r 2 
such that 

1 1 1 

- + - = -<l, 
ri r 2 r 

and if Bpy is a Banach space, then T maps continuously B t oo ri x Bp* T2 into B^ 1 . 
(ii) Let (pfc; r fc) (for & £ {1,2}) such that 

111 111 

si + s 2 >0, -< 1 <1 and -< 1 < 1. 

p Pi P2 r r\ r 2 

The operator R maps ri x B^ r2 into with 

/ 1 1 1\ 

G\1 ■= si + s 2 - 3 1 , 

Vpi p 2 p/ 

provided that ayi < 3/p, or a 12 = 3/p and r = 1. 
With the help of the above Lemma, we can obtain 
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Lemma 2.7. Let 1 < p < oo. Then there hold 

(a) if 8x,S2 < | and s\ + s 2 > 3max(0, | — 1), then 



ll/^ll.^-i^cil/II^NI^v 

R " pA pA 

(b) if si < ~,s 2 < 1 > and + s 2 > 3max(0, | - 1), then 

||/5ll . Sl+a2 -3 <C||/|| A . a || 5 ||^ 2 . 

(c) if si < 2 s 2 < 2 and si + s 2 > 3max(0, | - 1), then 

Proposition 2.8. Let G 5(R ) and p > 3. If £ (x) = e l ~4>(x), then for any 
e > 0, 

He\\ .4.! ^Ce 1 -!, 

B p 

here C is a constant independent of e. 

Proof. Please refer to the proof of Proposition 2.9 in [8], here we omit it. ■ 

Proposition 2.9. Let s G R, and p,r £ [l,oo], v\ > 0, v 2 > 0. Assume that 
no G .Bp „, / G L\Bp q . Then the equation 

dtu — uiAu + v 2 u = /, 
u|t=o = u , 
has a unique solution u satisfying 

Proof. The proof is similar with the case of the heat equations, we omit it here. ■ 
3. The linearized equations of the microfluid system 



In this section, we are devoted to analyzing the Green matrix of Eq. (jl.6p . 
First, let us introduce a notation: if (My)ri<£j< 2 } is a matrix, / = (/i, / 2 , / 3 ), g 
71)52, 93) are vectors, then we denote 

/A def (Muf + Mug} 



Taking Fourier transform of (jl.6p yields that 

-a t ^ + iei 2 ni-iei^ = o, 

< d t u^ + (\Z\ 2 + 2)C^-\t\u2 = 0, (3.1) 
> (wA,wn)|t=o = (uoA,^h), 
In what follows, we will use the Laplace transform to get the explicit expression of 

Let p G Yli4> f° r some G [0, 7r/2), where = {z G C\{0}, | argz| < </>}. Then 
we have 

1 + (lei 2 + 2)(^) L - iei (ui) L = 
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that is, 

V(^) L (c,t)J " V -lei P+\t\ 2 + y 

Setting A 2 = p+ |£| 2 , we see that 

V(^)V V ICI A 2 + 2) [t^nj 



def ,4 , r,\2 1 el 2 



with 

det = A 4 + 2A Z - |f I 1 
Then we have the explicit expression of the solution of (|3. 1|) : 



uA - ! £-H£)'+c-H±)(?« (3.3) 



^ J \ Vdet/ Vdet/ \J£| / J Ywo,fi. 

where £ _1 is the reverse Laplace transformation with respect to p, and I is the 
identity matrix. Denote 



j r „(-i-vi+iei 2 )* _ pC-i+Vi+l^l 2 )* 

= " ; ■ 

2 v / rw 



def e (-i-v^+iiF)* + e (-i+>/i+iiF)t 



Note that 



/>oo 

Jo 



(A 2 + 1 - yiT^2 )(A 2 + 1 + yiT^) det' 



and 



/■OO 

/ e- p M(e,t)e- |5|2 *dt 
Jo 



(A 2 + 1 - X /TT^)(A 2 + 1 + det 

we obtain the following proposition. 

Proposition 3.1. There exists a unique solution (ua,uJci) of Eq. fj3.2j) which is given 
by 



"A 



)=e-l^(ai(C,0 + ^,t))(g) (3.4) 



with 
where 



-1 -lei 



Next we will derive the pointwise estimates for Gi{£, t), £/2(£>£) and their deriva- 
tives. 
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Lemma 3.2. For multi-indices a, there exists a positive constant C independent of 
£, t such that 

\^\Dfg^,t)\, \^\D^,t)\ 

<c(l + e^') ((|e| 2 i) |Q| + (|e| 2 i) |ahl + • • • + lei 2 * + l) • (3.5) 
Proof. Mean value theorem tells us that there exists a constant 8 6 [0, 1] such that 

yrw-i = iiei 2 (i + iei^)-i 

which implies that 

e (-i+v/r+^F)t < e i^ t _ (3 6) 

Using the Leibnitz's formula yields that 

|a[=JV,|ai|+|a 3 |=|a| 

XD?( / (-' -W)) (3.7) 

For simplicity, we only show the case of \a\ = 1 in details, the other cases (|a| > 1) 
can be done in the same argument. Noting that 



i + \t\<2^/TTW, 

one gets 

In addition, due to (|3.6p . we obtain 



and 



(e (-i-v^)* + e (-i + v / w)*)^(^_) ( i + iei) 

<C(eH^ + e^)|r\ 



and 



< c(e -i5i 2 * + e ^ )( yrT^)- 1 < c( e -i«i 2 * + e ^)ier x . 

Combining the four above inequalities with (|3.7j) (|a| = 1), we have 
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Similarly, we can deduce that 

\D^,t)\ < C(l + e**) + leil"'- 2 ^'- 1 



+ | f ||a|-4 t |a|-2 + ... + |^|-|a|+2 t+ |^|-H 

from which the estimate f)3.5f) holds. ■ 
Thanks to Proposition 13, 1\ we have 

Proposition 3.3. The Fourier transform of the Green matrix of Eq. (|1.12p ~(7(g . t) is 

shown to be 

G(t,t) = e-^ 2t {Q 1 {^t)+G 2 {t,t)). 

Lemma 3.4. For any multi-indices a, there exists a positive constant C independent 
of £, t such that 

\DfQ{K,t)\ < Ce-il«l a *|er |a| . (3.8) 
Proof. Noting that for c > c > 0, k > 0, we have 

Then using the Leibniz formula, the estimate 

|^(e-l«l 2 ')| < C|^|-We-nl«l 2 *, 
and Lemma [3721 the estimate (|3.8j) follows easily by the explicit expression of 

■ 

Using this lemma, we can obtain the following smoothing effect on Green's matrix 
Q, which will play an important role in this paper. 

Proposition 3.5. Let C be a ring centered at in M 3 . There exist two positive 
constants c and C such that, for any real p £ [1, oo], any couple (t, A) of positive real 
numbers such that if suppu C AC, then we have 

\\G(x,t)u\\ L v < Ce- cX2t \\u\\ LP . (3.9) 

Proof. We will adopt the spirit of the proof for heat operators as in [7]. For the 
completeness, here we will present a proof. 

Let (j) £ D(R 3 \ {0}), which equals to 1 near the ring C. Set 



To prove (|3.9p . it suffices to show 



(M)|Ui <Ce~ cX2t . (3.10) 



Thanks to (13. 8ft and the support property of <fi, we infer that 

/ \g(x,t)\dx<C [ [ ^(X-'OWG^tmdxKCe-^ 1 . (3.11) 

J\x\<\- 1 JlxlKX- 1 JR 3 



GLOBAL WELL-POSEDNESS FOR THE MICROPOLAR FLUID SYSTEM 13 

Set L x == ^4-- Noting that L x (e lx '^) = e tx '^, we get by integration by part that 

l\X\ 

g(x,t)= [ LUe^HX-^G^m 

=(-l) 4 f e^HL^^X-'OG^t))^. 



From the Leibniz formula and (|3.8p . 

l7l=4,|/3|<|7l 

Then we obtain, for any £ with |£| ~ A, 

which implies that 

f \g{x,t)\dx < Ce- cX2t X 3 f \Xx\~ 4 dx < Ce~ cXH . 

This together with ([331]) gives (EHO]) . ■ 

Proposition 3.6. Let C be a ring centered at in M 3 , G(x,t) is the Green matrix 
of the system (|1.6|) . defined by (|1.7p . Then there exist two positive constants c and 
C such that for any couple (t,X) of positive real numbers satisfying: if suppu C AC, 
then 

\\G(x,t)u\\ L 2 < Ce- cX2t \\u\\ L 2. (3.12) 

Proof. Thanks to Plancherel theorem and fjl .8[) . we get 

\\G(x,t)u\\ L2 = \\G(S,t)u(0\\i? < C\\e- c ^ H u{Oh < Ce" cA2£ ||^|| 2 , 
where we have used the support property of ■ 

4. Proof of Theorem 11.21 

4.1. A priori estimate. In this section, we will derive a priori estimate for the linear 
system fjl .5[) . 



Proposition 4.1. Let 2 < p < 6, T > 0. Assume that (u,cj) is a smooth solution of 
the system (]1.5p on [0,T], then we have 



< C(||(«o,wo)||^ + ||(u,w)|ll*). (4.1) 



Here || (it , c^ )||^g = ||^olL|-i + H^olLa-i- 



R p R p 

- LJ p,oo J - J p,oo 



Proof. Let us consider the following frequency localized system: 
' dtAjUA — AAjua — AAjUn = AjF, 

< d t AjUin - AAjLjQ + 2Ajloq - AA jUA = AjH, (4.2) 
^ (AjU A , Ajujn)\ t=0 = (AjUo,A,AjU} ,n)- 

with 

F = -(P(u ■ Vn)) A , H = -A -1 curl(u • Vu) and divn = 0. 



14 QIONGLEI CHEN AND CHANGXING MIAO 

In terms of the Green matrix Q, the solution of f|4.2[) can be expressed as 

Applying Proposition 13.51 to the above equation to get 
\\A jUA \\ LP + HA^nHiP <Ce- c22H (\\A jU ° A \\ LP + ||A^g|| LP ) 

+ C (\- c223 ^\\\A 3 F(t)\\ L p + \\A ] H(r)\\ L p)dT. (4.4) 
J o 

Taking L r norm with respect to t gives 

||AjUa||l$,lp + \\AjUn\\L r T LP < C2 r [\\AjUo t A\\LP + ||Aj-u;o,n||LP 

+ IIA^H^^ + \\AjH\\ 

Multiplying 2 v p r; on both sides, then taking supremum over j 6 Z, we derive 



|«A|U . 3_i + 2 + IIW^II^ ,3_ 1+ 2 
Tr nP T r rr R P T r 



< C(\\U 0A \\ 3 , + Iko.dU-, + ||*1L 3-, + 11*11 3-0- 

According to the boundness of Riesz transform on the homogeneous Besov space and 
Lemma 12.71 we have 



I (P(U • Vu)) . II 3 , <C U-Vtl 3 , < C\\u\\ 3 1 ||Vu|| 4 3 1. 

IV V ;; AN _i _ || || __i _ || || 2 || || 7 , 

|A _1 curl(u • Vw)|| s i < Clin • V^ll s , < Clldl a i ||Vw|| 43:1. 



73 DP 2 

-Op, 00 

(4.5) 



From the Proposition 12.81 we infer that 



\\ud\L .3_ 1+ 2 <C(||w || .a_! + ||A- 1 div(« -Vw) II .3^ 

Tr R P R P N II ,1 R p 

J -"j ,±J p.oo ±J p , 00 J -"j iJJ p,oo 



3 1 



<cf||wo|| a^ + HL 4 _i||Vw|Ua (4.6) 

V RP r 4 DP 3" " ( I B P 2/ v ' 

J ~ , p,OG J ^ r r ±J p,OG T f jOO 

Thanks to the interpolation 

, 3 

TOOT3P ± rl DP T M _ f4 DP 2 

J-T JJ p,oo j ±Jr p 1J p,oo I 3 — *-"r P>°° ' 
4 

iL^Bp oo , L T Bp j00 ) = Lj,Bp jOQ , (4-7) 

4 

which together with (14. 5p , (|4.6p and Lemma 12.31 (ii) imply 

||(ttA,Wfi,Wd)IL .3_ 1+ 2 

j r dP r 

<C(H_ + ||«||_ 3 +1 )(||(^)L .g-i + ||(u,w)IL .g+i). (4.8) 

roooP rl r>P r 00 d P rl dP 

J-'PjOO J - ir p ±J p,OCi J-Jrp J-*p,oO ^J" J -'p,CXD 

On the other hand, noting that w = A -1 Vcj<2 — A _1 diva;n and 
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taking r = oo and r = 1 in (|4.8p . then adding up the resulting equations, we have 



(u,u)\\ e v t < C(||(iio,a/ )|| .f-i + ll(«.w)||y. 



The proof is completed. 



4.2. Approximate solutions and uniform estimates. The construction of ap- 
proximate solutions is based on the following local existence theorem. 

Theorem 4.2. (2TJ Let s > 3/2. Assume that (uq,uq) G i/ s (M 3 ) with divu = 0, 
then there is a positive time T(||(uo, wo)||ff" s ) such that a unique solution (u,u) G 
C([0,r);^ s )nC 1 ((0,T);i7 s )nC((0,r);i7 s+2 ) of system {HJ exists. 
Moreover, if there exists an absolute constant M > such that if 

limsup f \\Aj(y x u)||oodt = 8 <M 

then 5 = 0, and the solution (u, u) can be extended past time t = T. 

Let us consider a sequence (0 n )neN £ <5 such that <^> n is uniformly bounded with 
respect to n and such that (j) n = 1 in a neighborhood of the ball -B(0, n). Then for 
the initial data uq, ojq, we can find a approximate sequence uo, n = <fin(S n uo), and 
w o,n = ^(S^wo) G -ff s such that 

lim \\4> n (S n u ) - M || a_i=0, lim ||</) n (5 n wo) - ^o|| a_ x = 0. (4.9) 

n— »oo dp n— Kx> dp 



Then Theorem 14.21 ensures that there exists a maximal existence time T n > such 
that the system (jl.5p with the initial data (uo,n> ^o,n) has a unique solution (u n ,w™) 
satisfying 

K,w n ) g C([o, r n ) ; f») n c x ((o, r n ) ; # s ) n c((o, r n ) ; iF+ 2 ). 

On the other hand, using the definition of the Besov space and Lemma 12.41 it is easy 
to check that 

{u n , co n ) g c([o, r n ) ; s!" 1 ) n l\o, T n - sli 1 ). 

From (pLU and (fTT4"|) we find that 

||(«o,n,w ,„)|| . a_! < C rj, 

for some constant Cq. Given a constant M to be chosen later on, let us define 

T n *==sup{tG [0,T n ); ||(u n ,a; n )|| .3_, . a+1 <M»/}. 

Firstly, we claim that 

T n * = T n , Vn G N. 
Using the continuity argument, it suffices to show that for all n G N, 

ll(« B ,« B )IL .f-i _ 1 . f+1 < (4.10) 



In fact, applying Proposition 14. II to obtain 



" < (7(0^+ (Mr?) 2 ). (4.11) 



lit , CJ 
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If we set M = 4:CCq, and choose r] small enough such that 

8C 2 C T] < 1, 

then the inequality (|4.10p follows from (|4.11|) . In conclusion, we construct a sequence 
of approximate solution (n",w") of (|1.5p on [0, T n ) satisfying 

||(nV)||^ <M V , (4.12) 

for any n G N. Next, we claim that 

T n = +oo, VnGN. 

According to the Theorem 14.21 it remains to prove V x n" G B^ )00 . From (14.12P 
we know that 

||Vxn"|L i < ||Vu"|L s < Mr], 

rl DP rl f>P 

T n P>°° T n D P.°° 

this combined with the embedding Lj, Bp <00 > implies that V x jj" G 

^So ooi thus the continuation criterion in Theorem 14.21 has been verified. 

4.3. Existence. We will use the compact argument to prove the existence of the 
solution. Due to (I4.12p . it is easy to see that 

~ . ——l ~ . — +i 

• u",w" is uniformly bounded in L°°(0, oo; 5/ )00 ) n L (0, oo; Bg j0 o ); 

Let ^2 , w£ be a solution of 

f d t ut - Au n L = 0, «2(0) = «o, ftJ 

I 9^ - Ao;£ + 2o;2 = 0, wftO) = w ,„. 

It is easy to verify that u^, uf^ tends to the solution of 
j d t u L - Au L = 0, n L (0) = w , 
| 3f.w L - Aw L + 2u L = 0, w L (0)=w - 

in Z°°(0, oo; B^) n Z 1 (0, oo; #1^). 

We set n" == n" — n^ an d w" = u;" — w£. Firstly, we claim that (u n ,u) n ) is 

uniformly bounded in c|, c (R+; Sf,^) x c|, c (R+; B^ + B^). In fact, let us recall 
that 

<9f.n" = An™ - P(n" • Vn n ) - V x w n . 
Thanks to Lemma 12.71 we have 

||P(u"n")|| s , < C||u n || 3 i \\u n \\ a i, 

combined with An" G L 2 (R + ;B^) and V x w" £ Z,°°(K+; ) implies d t n" G 

— . ——2 J. ■ ——2 

L^ oc (lR + ; S^ i00 ), thus n" is uniformly bounded in Cj 2 oc (R + ; Bp° t00 ). On the other hand, 
since 

d t u n = Au n - 25" - n" • Vw" - V x n n , 



-i 



by the same argument as used in the proof of dtu n , we get dtu n G L 2 oc {U. + ; Bp^oo + 

■ ~~ 2 \ ~ — | ^-1 ■ 2-2 

-Bp,cxD ), which implies u n is uniformly bounded in C^ C (IR , -Bp j0 o + -Bp,oo )• 
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Let {xj}j£N be a sequence of smooth functions supported in the ball B(0,j + 
1) and equal to 1 on B(0,j). The claim ensures that for any j G N, {xjU n } ne n 

1 . 3_ 2 

is uniformly bounded in C t 2 oc (M. + ; Bp tOQ ), and {xj^~> n }k<aN is uniformly bounded in 

Cl c {R + ;B^ + B^). Observe that for any X G Q)°(M + x M 3 ), for e G (0, 1), the 
map: (u n ,uj n ) \— > (xu n ,x& n ) is compact from 

(. 1—2 ■ — — 1— e\ / ■ — — 1 ■ — — 1— e \ ■ ——2 • — — 1 ■ -—2 

Bp^oo n Bp iOG J x ( (^Bp iOCJ + Bp jOC ) J into Bp t00 x (^Bp tOC 

see [TT]. By applying Ascoli's theorem and Cantor's diagonal process, there exists 
some distribution (u, w) G L°°Bp iOC n L Bp t00 such that for any j G N, 

+. ---2 

Xi« n — ^Xj^ in C Zoc (]R + ;5p p i00 ), 

Cioc(I^ j Bp j00 + Bp jOQ ), 

With (|4.14p . it is a routine process to verify that (u + ul,w-\-u>l) satisfies the system 
(jl.5p in the sense of distribution. 

Here we show as an example the case of the term u n ■ Vu". Let tp G Cq°(1R + x R 3 ) 
and j G N such that supp^ C [0,j] x 5(0, j). we write 

u n ■ Vu n - u ■ Vu = (u n -u)-Vu n + u- V(u n - u). 

We will only give the estimate of the first term with help of Bony's decomposition, 
and the similar argument can be applied to the term u-V(u n —u). Thanks to divu = 
and Lemma 12.61 



\\T u n_ u U n \\ 3_ 3 + \\T u n(u n ~ u)\\ 3_ 3 

^ ±J p , oo ■*-' J -'p,oo 

< C\\u n - u\\ Loo ^J\u n \\_ + C\\u n \\ LaoB -iJ\u n - u\\ t s 

p,oo 

<C\\u n -u" 1 " 

T oo I , - - , , 



00,00 ' rooRP ^ ^00,00 rooRP 

j 3 _ 2 ||w n || _ 3_ 15 

roooP [CORP 
^ j -'t>.oo ■ lj t).c 



where in the last inequality we have used the embedding C B^ ^ for — | = S2- 
And 

l|fl(it n -u,u n )l| 3l < C||u n -nil 3 2 |K|| 3+1 . 
The other nonlinear terms can be treated in the same way. 

4.4. Uniqueness. In this subsection, we prove the uniqueness of the solution. As- 
sume that (if , oo 1 ) G Ej, and (u 2 ,uj 2 ) G Ej, are two solutions of the system (jl.ip with 
the same initial data. Then we have (5u,6ui) = (u 1 — u 2 ,^ 1 — uj 2 ) satisfies 

d t 5u - Adu = 5F, 

d t 8u-A5u;-Vdiv5uj + 25uj = 5H, (4.15) 
(Sa,6v)\t=o = (0,0), 
where 

5F =V x 5u - P(5u ■ Vu 1 ) - P(u 2 ■ VSu), 
5H =V x 5u-5u- Vu 1 - u 2 ■ V5uj. 
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Applying Proposition 12.91 to Eq. (|4.15p , one obtains 

\\(Su(t),6u(t))\\ 3 +\\(5u(t),6uj(t))\\ _ a .|-i 

rl dP r 2 d P 

t - D p,oo - D p,oo 

<C||(<5F(r),^(r))|| s 2 . (4.16) 

/" 1 R p 

t P ) 00 



From Lemma 12.71 and divu = 0, we infer that 



-2 



\\8F\\ 3_ 2 + ||5G|L a 

rlnP rlbP 

<C7||HI 4 .__i||^\u\u 2 )|| M +C||(Ja;,H|| 3_.il. 



Then we have 



ft*(t),M*))IL .3 +||(M*) ! ^(*))IL 



r 1 dp r 2 dp 

t Pi°° t Pi OG 



<C(||HL .a +IHL .i^W^u 2 )^ 3 II (u 1 , u 1 ," 2 ) II 1 , 

+ CU\\{Su),6u)\\- .a-i- (4-17) 

7" 2 D P 

t -°p,oo 

If i is taken small enough such that || (iuj 1 , w 1 , u 2 ) || _ z and sufficiently small, 

then we conclude that 8uj) = on [0,T], and a continuity argument ensures that 
(u 1 ,^ 1 ) = (u 2 ,lo 2 ) on [0,oo). 

5. The proof of Theorem 11.41 

To prove Theorem 11.41 , we will use the Green matrix of the linear system (jl.6p . 
Let us return to (11.51). Due to divu = 0, we have 



")=G(x, ( )("<')-/"G(x, ( -r)V.f P( ™ ) )d T 

U) J \u J Jo \UUJ J 

I Gij(t)u 3 \ f* / GijdkP(u k Uj) + Gi{j +Z )dk{u k ojj) 
\G ii+3)j (t)oj 3 J Jo yG^ +3)j d k P(u k Uj) + G^ +3){j+3) d k (ukUj)^ 



dr 



def 



B(u, uj) 



G(t)(u ,u ) + ~ I, i = 1,2,3, (5.1) 

V B[u,u) J 

here Gij(x,t) is the element of the Green matrix G(x,t), and the summation conven- 
tion over repeated indices 1 < j, k < 3 is used. 

. i .1 

In view of the relationship: H2 « -B| 2> we have 



\\B(u,u)\\ i¥A i < \\J G(t-r)V ■{P( UU ) + uu)(T)dr 

sup / \\G(t — r)V • Aj(uu + uu;)(r)||_2dr J J 
V J^ v <e[o,T)Jo ' ' ' 

ii 3 

<C W sup / e-^'HAj-Cuu + uwJCrJUydT 
" te[o,T)Jo £2 

< C[ ||T_n||r 4 no +\\T u uj + T u] u\\j i p, + \\R(u, u) + R(u, oj)\\„& . 
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where in the third inequality we have used used Lemma 12.41 and Proposition 13,61 in 
the last inequality we have used Bony's decomposition. From Lemma 12.61 we have 

11^1*^11 74 bo < C||ii|L _i |ML i < Cllull 3_i llwll i , 

T 2,2 L^B X % L™Bl 2 L%BlJ L°°Bl 2 

\\T u u\\f4, r> < CllwlL ._1 \\u\\~ .1 < C 1 1 1 1 3_1 ||w||_ .1 , 

1 ^ T -fc>oo,oo L t B 2 2 L%,Bg >00 L T B 2 2 



and 



I|i2(tt, w)|L 4 < CllulL 4 i IML i < Cllull 4 3,i IML i • 

T 2,2 %Dp !OC T 2,2 



The terms T u u and R(u,u) can be treated in the same way as T u u;, R(u,co), respec- 
tively. Combining the above inequalities, we obtain 

\\B(u,u)\\ Z¥ ^ < CIK^^H^IK^o;)!!^^. (5.2) 

Similarly, we have 

\\B(u, U )\\ i¥Ah < C\\(u,u;)\\ E p\\(u,u;)\\^ 6h . (5.3) 

From Proposition 13.61 it is easy to verify that 

||G(t)(n ^ )|| L§? ^i < C\\e- c22H \\ L¥ ||(«o, "(Oll^ < C||K "o)ll^ • (5.4) 

It follows from the Theorem 1.2 that \\(u, u))\\ep 5; Vi then if rj is sufficiently small 
such that r\C < ^, we have for any T > 

\\(u,u)\\ L¥A i <2C\\(u ,u )\\ 6h . 
This finishes the existence of the proof of the Theorem 11.41 

The uniqueness in C{H^) . We will adopt the spirit of f3]. Firstly, let us recall 
the following bilinear estimate from [9]: 

Lemma 5.1. For any T > 0, the bilinear operators B(u,v)(t), B(u,v)(t) are bi- 

.1 . i .1 

continuous from ^(B^) x L^?(i/2) to L~(i? 2 2 00 ). Furthermore, we have 



rt»D2 r oo d 2" r oo o 2" 

T -°2,cx) L T -°2,oo T ^2,00 



here 



def . - C 2 2fe T 
efc.T — l — e , 



where c > is a constant independent of j, T, u, v. 

Now let (u,co) and (w,ro) be two solutions in C(0,T; H?) with the initial data 
(uq,uq) G jjs. Using (|5.ip . we have the difference 

u — v =B(u — Gij(t)u J ,u — v) + B{Gij{t)u J a ,u — v) + B[u — v,v — Gij(t)u-Q) 
+ £>(u — v,Gij(t)u-Q) + £?(u — Gij(t)u J ,uj — w) + B^Gij^u^u — w) 
+ £(u - t>,ro - G (i+3)j (t)^) + 5(u - v,G (i+3)j (t)uj J ), i = 1,2,3. 
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We have the same representaion for u — w replacing B by B. We get by Lemma 15. II 
that 



sup (||(u-t;)(t)|| , + \\{u-w){t)\\ 1 ) 

te(0,T) B* >00 

<C sup (\\(u-v)(t)\\.r +\\( U - W )(t)\\.i 
*e(o,T) 



x(J|(l-e c2 T )*2^(||A i no|| 2 + IIA^olb)!)^ 

+ sup (\\u-G(t)u \\.i+\\v-G(t)u \\.i + \\w-G(t)u \\.i)). 
te(o,T) tf5 H2 H ^ ' 

With the help of the fact: if T is chosen sufficiently small and (uq,ujq) £ -£T2 ; then 
||(l- e - c22feT )32t(||A fc « ||2 + ||A fe a;o||2)||^ < j 



and the strong continuity in time of the H 2 norm of the Duhamel's term of the 
solution (u,oj) and (i>,w), then a small enough time T is to be chosen such that 
the three terms in the blank is dominated by 1/2 which implies that ||(u — v,u> — 
w)(t)\\ 1 =0 on [0, T]. Then by the standard argument ensures that u = v,u = w 

B 2,oo 

on [0, 00). 



6. The decay estimate 

Set 

W(T)= sup t^(\\D%u\\ .3_ x + ||Z>> 



3 _ 



dr. 



Taking Z?" on both sides of (|4.3p . one gets 

y AjD^uiQ J y Aj0j ,n J Jo \ AjH{r) _ 

Applying Lemma 12.41 to the above equation, we have 

\\AjD%u A \\LP + IIAjDJwnlliP <Ce- c223 '*2^ a l(||A i «o ) A||i P + ||A^ 0) n|Up) 

+ 1 + 11 (6.1) 

where 

1 = C f' 2 2^1 (\\g(jt - rJA^CrJUiP + ||0(t - tJAj-GMUlp)^, 

11= C I 2^ (\\G(t - ^D^AjF^Ur, + \\G(t - ^D^AjHirn^dT. 

Jt/2 

Noting that the inequality 

e- ct22j VM<e- m2j t-^, >0, (6.2) 
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and Proposition 13.51 we get that 

1 < C / e-~ c223 ^{t - r)"^ (||A^(r)|| rP + ||A^(r)|| LP )dr 
J o 

11< C f e-' c223 ^\t-T)-^{\\Dr l ^F{r)\\ LP + \\D«~ 1 A^(r)|| i p)dr 

Jt/2 

In the following we denote by Cj(j 6 Z) a sequence in £ with the norm ||{cj}||^i < 1. 
In light of (|4.5j) and interpolation (|4.7|) . the straightforward calculation shows that 

Z<crf / e -52^(*— )(|| Aj . i r(^)|| iP + ||A i iJ(r)|Up)dr 
Jo 



< Cc^V^t 2 (\\F\\ s x + \\H\\ 3 ,) 
<Cc 7 -2- J " ( f- 1) t- J 5 1 ||(t i ,a;)||| s , 

< Cc^l-'h-^Wiuo^o)^. (6.3) 
Thanks to the Holder inequality, we have 

11 < C\\e~ c22H \\ L , ( J\t - r)"f dr) 1 (||Z?r 1 A^IU-lp + pr 1 A,i? 

< C2-k 1 m\Dr 1 A J F\\ L¥LP + WD^AjHU^lp). 
The divergence free condition on it, Lemma 12.41 and Lemma 12.71 give that 
UA^r^lU^ < ^||A J ((^r 1 n)a; + n( J Dr 1 a;))|L ??iP 

< Ccfl-iG-ft || (L>r l u)u> + «prM|| . M 

r oo o p ^ 



J T P. 

' 3 3 

' " — I f i / i — i MM I t . (i — I M 

3 _ 1 V 3 _ 1 

>P 3! j oo r>V ? 



toodP ^ toodP r oo d 2 



By means of Interpolation and Lemma 12.31 (ii) , we have 



1 x ~~ 11 11 .4-i+q" 11 -i-i — ii a: 



- T — ' ii ■ . ii i:.,""' . - ' - ' ' . 2_i 11 11 . 2-i 

i p a ToonP f oo DP roooP r oo o P 



and 



13 1 3 

I 4 



Uli 3 1<C|| W || 4 .3_JM| 4 .3 <C||0;|| 4 .3_J|^|| .3_, 

' toodP /"oodP toodP toodP 



roopP r oo pP r oo dP rco d! 

Q 1 



<Ct-8lF(t)4||(n ,a;o)|| 4 P. 
The term of .F is done in the same way. Thus 

sup2 j( l _1) t^XX< CI^(t)2-^||(u ,6Jo)||ip^. (6.4) 

For the estimate of u^, we localize the third equation of (jl.lip . then taking on 
the localized equation yields 

d t AjD°Lu d - 2AAjD%co d + 2AjD%u d = - A' 1 div D% A 5 {u ■ Vw). 
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Multiplying by p\ AjD°uj d \ p ~ 2 AjD"uj d and integrating with respect to x yield that 
d 



dt 



A 3 D«u d \\ p LP + 2p f (-A)A J D«u d \A J D«u d \ p - 2 A J D«u d dx 

JR 3 

+ 2p [ \AjD%u) d \ p dx = -p I A- 1 divD*A j (u-Voj)\A j D*uj d \ p - 2 A j D*uj d dx. 
Using Lemma 12.51 produces that 

^IIA^^II^ + c p (2 2 ^ + lJHAj-D^Hip < CHA.-D-^ • Vu)\\ LP W^D^' 1 . 
This together with Gronwall's inequality implies that 

WAjDZudWu, <e _Cp ^ 22:,+1 ^ \\AjD"u}Q t d\\jj> + XXX, 

where 

r-t 

XXX=C / e-^^-^e-^HD^A^u- Vw)(r)|| LP dr. 

JO 

Using Lemma 12.41 and (j6.2|) . we obtain 

XXX <C / e-^^^e-^ft - r)-' a l/ 2 ||A^(ti • Vw)(r)|| LP dr 

+ C / e-^^^e-^Ct-^-^p^AjCu- Va;)(r)|| L pdr. 

The first term is treated as X, the second term is treated as XX, then 

i i i 



sup2 j( t- 1 WxXX< CW(t)i-^\\(u ^o)\\lt 4a . (6.5) 



Combining (|6.ip with (|6.3p - (|6.5p . we have 



A(t) < 11^0,^0)]^ + C\\(u ,iOo)\\l P + CW(t)i-^ \\(u , coo 



7 1 



I 4 T 4a 



Then by the continuous induction, we have W(t) < 2CE. This complete the proof of 
Theorem (jl.6p . 
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